BISHOP'S THEOREM AND DIFFERENTIABILITY OF A 

SUBSPACE OF C b {K) 
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Abstract. Let K be a Hausdorff space and Cb(K) be the Banach algebra of 
all complex bounded continuous functions on K . We study the Gateaux and 
Frechet differentiability of subspaces of Cb(K). Using this, we show that the 
set of all strong peak functions in a nontrivial separating separable subspace H 
of Cb(K) is a dense Gs subset of H, if K is compact. This gives a generalized 
Bishop's theorem, which says that the closure of the set of strong peak point for 
H is the smallest closed norming subset of H . The classical Bishop's theorem 
was proved for a separating subalgebra H and a metrizable compact space K. 

In the case that X is a complex Banach space with the Radon-Nikodym 
property, we show that the set of all strong peak functions in Ab(Bx) = {/ G 
Cb(Bx) '■ I\b° x is holomorphic} is dense. As an application, we show that the 
smallest closed norming subset of Ab(Bx) is the closure of the set of all strong 
peak points for Ab(Bx). This implies that the norm of Ab(Bx) is Gateaux 
differentiable on a dense subset of Ab(Bx), even though the norm is nowhere 
Frechet differentiable when X is nontrivial. We also study the denseness of 
norm attaining holomorphic functions and polynomials. Finally we investigate 
the existence of numerical Shilov boundary. 



1. Introduction 

Let K be a Hausdorff topological space. A function algebra A on K will be 
understood to be a closed subalgebra of Cf,(K) which is the Banach algebra of all 
bounded complex- valued continuous functions on K. The norm ||/|| of a bounded 
continuous function / on K is defined to be sup xgis: A function algebra A 

is called separating if for two distinct points s, t in K , there is / G A such that 

m / jv). 

In this paper, a subspace means a closed linear subspace. For each t G K, let S t 
be an evaluation functional on Cb(K), that is, 5 t (f) = f(t) for every / G C b (K). 
A subspace A of Cf,(K) is called separating if for distinct points t, s in K we have 
a5t 7^ /35 s for any complex numbers a, j3 of modulus 1 as a linear functional on A. 
This definition of a separating subspace is a natural extension of the definition 
of a separating function algebra. In fact, given a separating function algebra A 
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on if and given two distinct points t,s in if, we have a8 t 7^ (38 s on A for any 
nonzero complex numbers a and (3. Otherwise, there are some nonzero complex 
numbers a and (3 such that a8 t = j38 s on A. Let 7 = /3/a. Choose f <E A so that 
/(s) = 1 and f(t) 7^ 1. By assumption, f(t) = 7. Fix a positive number r with 
< r < 1/||/||. Taking 

r z — ' 1 — rt 

m=l J 

we have g & A and g(s) = 1, which imply g(t) = 7 = /(£). Hence 

(l-r)/(t) (l-r) 7 

7 = #0) = -; 7777- = -: • 

I — rj[t) 1 — r7 

This equation shows that 7 = 1 and f(t) = 1, which is a contradiction. 

A nonzero element / G A is called a peafc function if there exists only one 
point x G if such that = ||/||. In this case, the corresponding point x is 

said to be a peak point for A. A nonzero element / 6 A is called a strong peak 
function if there exists only one point x G if such that = ||/|| and for any 

neighborhood V of x, there is 5 > such that if y G if \ V, then < ||/|| — 8. 

In this case, the corresponding point x is called a strong peak point for A. We 
denote by pA the set of all strong peak point for A. Note also that if K is 
a compact Hausdorff space, every peak function (resp. peak point for A) is a 
strong peak function (resp. strong peak point for A). 

A subset F of K is said to be a norming subset for A if for every f e A, we 
have 

||/||= sup 

Note that every closed norming subset contains all strong peak points. If if is a 
compact Hausdorff space, then a closed subset T of if is a norming subset for A 
if and only if T is a boundary for A, that is, for every / G A, we have 

max|/(t)| = ||/||. 

A famous theorem of Shilov (see [45, 37J) asserts that if A is a separating 
function algebra A on a compact Hausdorff space if, then there is a smallest 
closed boundary for A, which is called the Shilov boundary for A and denoted 
by OA. We shall say that a subspace A of Cb{K) on a Hausdorff space if has 
the Shilov boundary if there is a smallest closed norming subset for A. If if is 
not compact, a separating function algebra A on if need not have the Shilov 
boundary (see P HUSH EH). 

Let X be a real or complex Banach space. We denote by Bx and Sx the closed 
unit ball and unit sphere of X, respectively. The norm || • || of X is said to be 
Gateaux differentiable (resp. Frechet differentiate) at x if 

||x + ty|| + \\x-ty\\ -2\\x\\ = 

t->o t 
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for every y G X (resp. uniformly for y G Sx)- Notice that if the norm of 
a nontrivial Banach space is Gateaux (resp. Frechet) differentiable at x, then 
i^O and the norm is also Gateaux (resp. Frechet) differentiable at ax for any 
nonzero scalar a (For more details, see [2T]). 

Let C be a convex subset of a complex Banach space. An element x G C is 
said to be an (resp. complex) extreme point of C if for every y ^ in X, there 
is a real (resp. complex) number a, \a\ < 1 such that x + ay G" C The set of 
all (resp. complex) extreme points of C is denoted by ext(C) (resp. extc(C))- A 
point x* G £>x* is said to be a weak-* exposed point of Sx* if there exists x G Sx 
such that 

1 = Rex*(x) > Rey*(x), \/y* G B x .. 

The corresponding point a; G Sx is said to be a smooth point of -Bx- It is well- 
known [21] that the norm of X is Gateaux differentiable at x G Sx if and only 
if a; is a smooth point of Bx- The set of all weak-* exposed points of Bx* is 
denoted by w*exp(B x *)- It is easy to check that w*exp(B x *) C ext(B x *)- 

We denote by Cb(K, Y) the Banach space of all bounded continuous functions 
of a Hausdorff space K into a Banach space Y with the sup norm. By replacing 
the absolute value with the norm of Y, the notion of a strong peak function or a 
norming subset for Cb{K, Y) can be defined in the same way as for Cb{K). Note 
that pCb{K) = pCb{K,Y) for a nontrivial Banach space Y. 

Given complex Banach spaces X, Y, the following two subspaces of Cb(B x , Y) 
are the ones of our main interest: 

Ab(Bx, Y) — {/ G Cb(Bx, Y) : f is analytic on the interior of Sx} 
y4 u (i?x, = {/ G A b (B x , Y) : f is uniformly continuous on -Bx}. 

It was shown in [7] that these two function Banach spaces are the same if and only 
if X is finite dimensional. Hereafter, A(Bx,Y) will represent either A u (Bx,Y) 
or A b (B x ,Y), and we simply write A(B X ) instead of A(B X ,<C). For the basic 
properties of holomorphic functions on a Banach space, see [TJ [T5J dSl [23] • Note 
that pA(Bx) = pA(Bx,Y) for a nontrivial complex Banach space Y. 

In Section 2, we find a necessary and sufficient condition of / in a subspace 
A of Cb{K) under which the norm is either Gateaux or Frechet differentiable 
at /. The main result of this section is that if / is a strong peak function in 
A, then the norm of A is Gateaux differentiable at /, and the converse is also 
true for a nontrivial separating subspace A of C(K) on a compact Hausdorff 
space K. Applying them to A(B X ), we show that the norm of A(Bx) is nowhere 
Frechet differentiable, if X is nontrivial. The relation between a norm-attaining 
m-homogeneous polynomial and its differentiability was studied in [26] . 

In Section 3, we give another version of Bishop's theorem. If A is a nontrivial 
separating separable subspace of C(K) on a compact Hausdorff space K, then 
the set of all strong peak functions is a dense GVsubset of A. Using this fact, we 
obtain Bishop's theorem which says that if A is a nontrivial separating separable 
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subspace of C(K), then pA is a norming subset for A and its closure is the Shilov 
boundary for A. 

Globevnik [31] studied norming subsets for A(Bx), when X = cq. In that 
paper he showed that neither A u (Bx) nor Ab(Bx) has the Shilov boundary. In 
[6], it was shown that dA(Bx) = Sx for X = £ p , 1 < p < oo. This result was 
generalized in [15] to show that dA(Bx) = Sx for a locally uniformly c-convex, 
order continuous sequence space X (For more details on the c-convexity and order 
continuity of a Banach lattice, see [TBI fT8l l25| 1381 139| HO] ) . 

In Section 4, it is shown that if X has the Radon-Nikodym property and Y is 
a nontrivial complex Banach space, then the set of all strong peak functions in 
A(Bx,Y) is dense in A(B X ,Y). Applying this fact, it is also proved that if X 
has the Radon-Nikodym property and Y is nontrivial, then pA(Bx) is a norming 
subset for A(B X ,Y). In particular, dA(B x ,Y) is the closure of pA(B x ), and 
extc(Bx) is also a norming subset for A(Bx, Y). 

It is worth-while to remark that Bourgain-Stegall's perturbed optimization 
principle [46] is the key method to prove these facts. This method has been 
used to study the density of the norm-attaining m-homogeneous polynomials 
and holomorphic functions on X, when X has the Radon-Nikodym property (see 

punins]). 

In Section 5, we modify the argument of Lindenstrauss [UJ with strong peak 
points and also with uniformly strongly exposed points, and show the density of 
norm-attaining elements in certain subspaces of Cb{K,Y). We also extend the 
result of [8] to the vector valued case by changing their proof, which is based on 
that of Lindenstrauss. 

In the last section, we apply Bishop's theorem to study numerical boundaries 
for subspaces of Cb(Bx, X). The notion of a numerical boundary was introduced 
and studied for various Banach spaces X in [5], and it was observed that the 
smallest closed numerical boundary, called the numerical Shilov boundary, doesn't 
exist for some Banach spaces. We show that there exist the numerical Shilov 
boundaries for most subspaces of Cb(B x , X), if X is finite dimensional, which is 
one of the most interesting questions about the existence of the numerical Shilov 
boundary. In addition, we show the existence of the numerical Shilov boundary 
for a locally uniformly convex separable Banach space X. 



2. Differentiability of a subspace of C b (K) 

Definition 2.1. Let K be a Hausdorff space and A be a subspace of Cb{K). We 
say that every norming sequence of f approaches for A, whenever for any two 
sequences {x n }™ =1 and {y n }^ =l in K satisfying 

(2.1) lima/(z n ) = ll/H =lim/3/(j/ n ) 

n n 
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for some complex numbers a, f3 of modulus 1, we have lim n (ag(x n ) — /3g(y n )) = 
for every g G A. In case that lim n (ag(x n ) — /3g(y n )) = uniformly for g G Sa, 
we say that every norming sequence of f approaches uniformly for A. 

It is easy to see that if every norming sequence of / approaches for A, and also 
if A is nontrivial, then / ^ 0. 

Theorem 2.2. Let A be a subspace of Cb{K)and f G A. 

(i) The norm \\ ■ \\ of A is Gateaux differentiate at f if and only if every 
norming sequence of f approaches for A. 

(ii) The norm \\ • \\ of A is Frechet differentiate at f if and only if every 
norming sequence of f approaches uniformly for A. 

Proof. A slight modification of the proof of (i) gives that of (ii), so we prove only 
(i). We may assume that A is nontrivial. Assume that || • || : A — > R is Gateaux 
differentiable at / G Sa- Take two sequences {x n }^ =1 and {y n }^ =1 in K satisfying 

\\vnaf{x n ) = lim/3/(y„) = 1 = ||/|| 

n n 

for some complex numbers a, (3 of modulus one. Fix g G A. Since the norm of 
A is Gateaux differentiable at /, for every e > there is 5 > such that 

\\f + tg\\ + \\f-tg\\ <2 + e\t\, 

for every real number t, \t\ < 5. For every positive integer n we have 

\f(x n ) + tg(x n )\ + \f(y n ) - tg(y n )\ < 2 + e|f|, 

and so 

Re(a/(a; n ) + tag{x n )) + Re((3f(y n ) - t(3g(y n )) < 2 + e\t\. 
Therefore, if \t\ < 5, 

UmsuptRe(ag(x n ) - f3g(y n )) < e\t\, 

n 

which implies that lim n Re(a^(a; n ) — f3g(y n )) — 0. Replacing g by —ig, we get 
lim n Im(a^(a;„) - (3g(y n )) = 0. Therefore, Y\m. n (ag(x n ) - f3g(y n )) = for every 
9 e A. 

For the converse, assume that there is an / G Sa such that every norming 
sequence of / approaches for A, but || • || is not Gateaux differentiable at /. Then 
there exist g G Sa, a null sequence {t n } of nonzero real numbers and e > such 
that 

(2.2) ||/ + fn 0|| + ||/_t n 0||>2 + e |t n |, Vn>l. 
Choose sequences {x n }^ =1 and {y n }%Li in K such that for each n > 1, 

(2.3) \(f + t n g)(x n )\ > ||/ + ^||--|in|, \{f-t n g){y n )\ > \\f - t n g\\ - -\t n \. 

n n 
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Then 

1 > l/MI > |(/ + *n</)MI ~ \t n g(x n )\ > \\f + t n g\\ - -\t n \ - \t n g{x n )\. 

n 

So it is clear that lim n = 1. Similarly, lim n \f(y n )\ = 1. 

Since every norming sequence of / approaches for A, by passing to a proper 
subsequence, we may assume that there exist two sequences {x n }, {y n } and 
complex numbers a, (3 of modulus one such that 

(2.4) lima/M = lim/3/M = 1 and sup \ag(x n ) - (3g(y n )\ < e/2. 

n n 

Using O and (T23D, we get for any n, 

2 2 
2 + e|t n | - -\t n \ < ||/ + t n g\\ + \\f- t n g\\ - -\t n \ 
n n 

< \(f + t n g)(x n )\ + \(f-t n g)(y n )\ 

= \(af + at n g)(x n )\ + \(j3f- j3t n g){y n )\ 

<\(af + at n g)(x n ) \ + \(3f{y n ) - at n g(x n ) \ + \at n g(x n ) - f3t n g(y n )\ 

< \af(x n ) + at n g(x n )\ + \/3f(y n ) - at n g(x n )\ + ||t n | 
Hence for every n > 1, 

(2.5) 2 + (| - -)|t n | < \oif{x n ) + at n g(x n )\ + \/3f(y n ) - at n g(x n )\. 

2 n 

We need the following basic lemma which is proved later. 

Lemma 2.3. Let (p : U C M n — > R fre twice continuously differentiable on a 
neighborhood U of £ E~R n . Let e > 0. Then there exist 5 > and a neighborhood 

V °f £o sitc/j t/iat /or an?/ (,( m K ana 1 |?y| < 8, 

+ v)- + f(C -v)- v(OI < eN- 

Notice that the function (p : IR 2 — > R defined by (p(£) = |£| is infinitely differ- 
entiable on a neighborhood of (1, 0), where | ■ | is a usual Euclidean norm in M 2 . 
By Lemma [2.3} given e > 0, there exist a neighborhood V of (1,0) and a 5 > 
such that for any £, £ in V and |r/| < 5, 

(2.6) |p(£ + ?/) - ^(0 + ^(C -V)~ <P(()\ < ekl/4. 

We shall identify the complex plane C with IR 2 . For each n, set £ n = af(x n ), 
(n = PfiVn) and ??„ = at n g(x n ). By (12.41) . we may assume that £ n and ( n are in 

V and \rj n \ < 5 for any n. By (I2.6p . for every n, 

\af(x n ) + at n g(x n ) \ - |/MI + \(3f(y n ) - at n g(x n ) \ - \f(y n )\ 

(2-7) < \(p(£ n + Vn) ~ <p(£ n ) + ViCn ~ Vn) ~ <p(Cn)\ 

< e|r/„|/4 = e\t n g(x n )\/A < e\t n \/A. 
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By (12. 5p and (j2.7j) . we get for every n, 

2 + C--l)\t n \-\f(x n )\-\f(y n )\< e -\t n \. 

This means that 

< 2 - (|/(rt B )| + \f(y n )\) < {-- + -)\t n \ < 

4 n 

for sufficiently large n. This is a contradiction. The proof is done. □ 

Now we prove Lemma [2.31 

Proof of Lemma [273[ Choose a positive r > such that B(£ , 4r) = {£ : |£ — £o| < 
4r} is contained in U. For any £ G -B(£oj r ) an d I 7 ?! < r ; by the Taylor formula of 
<£> there is < t < 1 such that 

i,j=l ^ 

where V</?(£) • r? = £? =1 Let M = sup eeB(Soi2r) afg-(0- Th en for £ G 

5(£o, t) and |t/| < r, 

(2.8) \<p(£ + rj)- </?(£) - (V^)(0 • «7| < ^ 2 M|^| 2 

Notice that the mapping £ — > Vy>(£) from _B(£ ,4r) to IR n is uniformly contin- 
uous. By (12.81) . given e > there exists S > such that for any £, £ in -B(£o, 5) 
and for any \rj\ < 5, 

\<p{t + v)-<p(t) -v\<£\v\/* 

and 

|V^(0-V^(C)|<e/2. 
Take V = -B(£ , 5). For any £, £ in V and |t/| < 5, 

\<p(t + v)-<p(t) + <p(C-v)-<p(0\ 

+ |v^(0 • v - v^(0 • v\ 

<eM/2 + |V^(0-V^(C)|-M<eH. 
The proof is done. □ 

Notice that X and X* can be regarded as a subspace of C(Bx*) and Cb(Bx) re- 
spectively, where the weak-* and norm topology is given on Bx* and Bx, respec- 
tively. By the direct application of Theorem 12.21 we get the following Smulyan's 
theorem. 

Theorem 2.4 (Smulyan). Let X be a Banach space. Then 

(i) The norm of X is Frechet differentiable at x G Sx if and only if whenever 
x* n ,y* n G S x *, x* n (x) -> 1 andy* n (x) -> 1, ffcen ||< - y*\\ -»• 0. 
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(ii) Then norm of X* is Frechet differentiable at x* G Sx* if and only if 
whenever x n ,y n G Sx, x*(x n ) — > 1 and x*(y n ) — > 1, then \\x n — y n \\ — > 0. 

(iii) T/ie norm o/X Gateaux differentiable atx<ESx if and only if whenever 

x* n ,y* G <(z) -> 1 and y*(x) -> 1, ^en x* n -y*^ 0. 

(iv) TTie norm o/ X* is Gateaux differentiable at x* G Sx* i/ and on/?/ z/ 
z„,y n G S x , x*(x n ) -> 1 and x*(y n ) -> 1, £/ien x n - y n 0. 

Proposition 2.5. Lei K be a Hausdorff space and A be a subspace of Cj,(K). 

(i) If f is a strong peak function in A, then every norming sequence of f 
approaches for A. Hence the norm \\ • \\ is Gateaux differentiable at every 
strong peak function. 

(ii) Assume in addition that A is a separating subspace of C{K) on a compact 
Hausdorff space K and that f is a nonzero element of A. Then the norm 
of A is Gateaux differentiable at f if and only if f is a strong peak function. 
In this case, the set of all weak-* exposed points of B A * is 

vfexpBA* = {o:5t : t G pA, \a\ = 1}. 

Proof (i) Suppose that / is a strong peak function at x and that there exist two 
sequences {x n }^ ( L 1 and {y n }^ =l in K satisfying 

\imaf(x n ) = \im/3f(y n ) = \\f\\ 

n n 

for some complex numbers a, (5 of modulus one. Then, two sequences converge 
to x in K and a — (5. It is clear that lim n (ao(a; n ) — f3g(y n )) — for every g G A. 
This completes the proof of (i). 

(ii) It is enough to prove the necessity. We may assume ||/|| = 1. Since the 
norm || • || is Gateaux differentiable at /, / is a smooth point of Ba- Choose t G K 
and a, \a\ = 1 such that af{t) = 1. Then the evaluation functional aS t G S A * is 
a weak-* exposed point of Ba*- Since A is separating, a8 t ^ (55 s on A if t ^ s in 
K and a, (5 G Sc. If s ^ t, 

ll/H = = 1 > max{Re/3/( S ) : (3 G S c } = \f(s)\. 

Hence / is a peak function in A. □ 

Consider the product space K x By* , where By* is equipped with the weak-* 
topology. Given a subspace A of C(,(K,Y), consider the map ip : f G A \— > / G 
C h (K x By*) defined by 

f(x,y*) = y*f(x), V(x,y*)eKxB Y *. 

Then if is a linear isometry, and its image A of A is also a subspace of C^KxBy* ). 
In particular, we shall say that the subspace A of Cf,(K, Y) is separating if the 
following conditions hold: 

(i) If x ^ y in K, then 6( x>x *) ^ 6( y>y *) on A for x*,y* G SV*. 

(ii) Given x E K with 5 X 7^ on A, we have 5( XjX *) 7^ ^(x,j/*) 011 ^ for a;* 7^ 
in ext(By*). 
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By applying Theorem 12.21 and Proposition 12.51 to the subspace A of C^{K x By*), 
we get the following. 

Corollary 2.6. Let K be a Haus dor ff space, Y a Banach space and A a subspace 
of Cb{K, Y). Then the following hold: 

(i) The norm \\ ■ \\ of A is Gateaux differentiate (resp. Frechet differentiate) 
at f if and only if whenever there exist sequences {x n }™ =1 , {y n }^Li in K 
and {x^}^ =1 , {y^}^ =1 in Sy* such that 

lim x*J(x n ) = ll/H = lim y*J{y n ), 

n— >oo n— >oo 

we get 

lim (x* n g(x n ) - y* n g(y n )) = 0, \/g G A. 

n— >oo 

( resp. lim (x* n g(x n ) - y* n g{y n )) = uniformly for g G S A ). 

n— >oo 

(ii) If f is a strong peak function at xq G K and f(xo)/\\f(xo)\\y is a smooth 
point of By, then the norm || ■ || of A is Gateaux differentiate at f . 

(iii) Assume in addition that A is a separating subspace of Cb{K, Y) on a 
compact Hausdorff space K and that f is a nonzero element of A. Then 
the norm of A is Gateaux differentiate at f if and only if f is a strong 
peak function at some x and f(x )/\\f(x )\\y is a smooth point of By. 
In this case, the set of all weak-* exposed points of Ba* is 

vfexpBA* = {a<5( XiJ/ .) : 3 a strong peak function f such that 

V*f(x) = 11/11 and y* G w*exp(B Y ») }, 

where 5( X)1/ .)(/) = y*f(x) for all f G C b (K,Y). 

Proposition 2.7. // we denote by G'(f) the Gateaux differential of the norm at 
f , then 

G\f){g) = \imRe(ag(x n )), 

n 

for a sequence {x n } n in K and a complex number a of modulus 1 satisfying 
lim n af(x n ) = 



Proof. Since Re(af(x n ) + atg(x n )) < \\f + tg\\, we have t Re(ag(x n )) < \\f + 
tg\\ — Re(af(x n )) for all real t. Hence for t > 0, 

limsupR^M) < lim ll/ + M|-Re(a/M) = 11/ + toll- 

n n t t 

and for t < 0, 

li m infRe(a S (*„)) > to M±^WM = U±Ml 



Therefore, it is easy to see that 



limRe(a 5 (x n )) = lim ll/ + ^" 11 = G\f){g). 



This completes the proof. 



□ 



We apply Theorem 12.21 to show that the norm of A(Bx) is nowhere Frechet 
differentiable, if X is nontrivial. 

Proposition 2.8. Suppose that X is a nontrivial complex Banach space and that 
f is a strong peak function in A(Bx). Then every norming sequence of f doesn't 
approach uniformly for A(Bx)- 

Proof. Let / G A(Bx) be a strong peak function at some Xq € Sx After a proper 
rotation, we may assume that f(x ) = \\f\\. Let x n = e^ n x for every positive 
integer n. It is easy to see that {x n } is a norming sequence and each x n is a 
strong peak point for A(B X ), so there is a strong peak function g n 6 A(B X ) such 
that g(x n ) = 1 = \\g n \\ and IswOco)! < 1/2. Hence we get for every n, 

(2.9) \g n {xn) - 9n(x )\ > \g n {x n ) \ - \g n (x )\ > 1/2. 

Since lim n /(x„) = ||/|| = f(xo), A2.9)) implies that every norming sequence of / 
doesn't approach uniformly for A(Bx). □ 

Theorem 2.9. Suppose that X is a nontrivial complex Banach space. The norm 
|| • || of A(Bx) is nowhere Frechet differentiable. 

Proof. Suppose that the norm of A(Bx) is Frechet differentiable at some /. By 
Theorem I2.2[ every norming sequence of / approaches uniformly for A(Bx). This 
implies that / is a strong peak function which contradicts Proposition 12.81 In 
fact, suppose that there is a sequence {x n } in Sx such that 

lim|/MI = 11/11- 

By passing to a proper subsequence, we may assume that there is a complex 
number a, \a\ = 1 such that lima/(a; n ) = ||/||. We claim that the sequence 
{x n } is Cauchy. Otherwise, there exist subsequence {x nk } and 5 > such that 
for ||a; nfe+1 — x n A\ > 5 for every k. Since 

\imaf(x nk ) = ll/H = lima/(x„ fe+1 ), 

and since every norming sequence of / approaches uniformly for A(Bx), we have 
lim fe \g{x nk+1 )-g{x nk )\ = uniformly in g e S A{Bx) . Since S x * C S A{Bx) , we have 
that rim*; — x nk || = 0, which is a contradiction. Let xq be a limit of {x n }. 

Suppose that there is another sequence {y n } in Sx such that lim n \f(y n )\ = Hill- 
By choosing an appropriate subsequence, we may assume that there is a complex 
number /?, |/3| = 1 such that lim n /3/(y n ) = ||/||. Then lim n /3/(y n ) = ||/|| = 
lim„ af(x n ). Since every norming sequence of / approaches uniformly for A(Bx), 
a = (3 and lim n ||x n — y n \\ =0. Therefore, \\m n y n = lim n x n = x . This shows 
that / is a strong peak function at Xq. □ 

Remark 2.10. When X = {0}, it is easy to see that A(Bx) is isometrically 
isomorphic to C. Thus the norm is Frechet differentiable everywhere except zero. 
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3. Bishop's theorem 



Bishop showed in [9] that if K is a compact metrizable and if pA is the set of 
all (strong) peak points for a separating function algebra A, then 

ma x|/WI = 11/11 for ever Y / e A. 

t£pA 

We now give another version of Bishop's theorem from the results in the previous 
section. 

Theorem 3.1 (Bishop's theorem). Let A be a nontrivial separating separable 
subspace of C(K) on a compact Hausdorff space K . Then the set of all peak 
functions in A is a dense Gs-subset of A. In particular, pA is a norming subset 
for A and OA = pA . 

Proof. By Proposition 12.51 and Mazur's theorem, the set of all peak functions in 
A is a dense G^-subset of A. It is clear that every closed boundary for A contains 
pA. Hence we have only to show that pA is a norming subset for A. For each 
f E A, there is a sequence {/„} of peak functions such that ||/ n — /|| — > as 
n — > oo. Then 

-11/ " /nil + ll/nll < ~\f(x n ) - f n {x n )\ + \f n {x n )\ < 

< \f(x n ) ~ f n (x n )\ + \f n (x n )\ < ||/ - f n \\ + ||/ n ||, 

where peak point for f n for each n. Hence lim n \f(x n )\ = lim n ||/ n || = ||/||. 

Notice that x n G pA. Therefore, pA is a norming subset for A. The proof is 
done. □ 

The following example given in [9] shows that the separability assumption in 
Theorem 13.11 is necessary. Let J be an uncountable set and let I a = [0, 1] for 
each a £ J. Then the product space K = Tl a I a is a compact non-metrizable 
space, and C(K) is not separable. Using the Stone- Weierstrass theorem, it is not 
difficult to check that for every / G C(K), there is a countable subset A C J 
such that whenever x and y in K satisfy x a = y a for every a G A, f(x) = f(y) 
holds. It is easy to see that there is no peak function in C(K). In particular, the 
norm of C(K) is nowhere Gateaux different iable by Proposition 12.51 

Example 3.2. Let X = l\ be the 2-dimensional complex Euclidean space, and 
let A be the set of restrictions to Bx of the elements of X*, which is a closed 
subspace of C(B X )- Given two distinct points x, y G B x , there is / G A such that 
f(x) 7^ f(y), but it is easy to see that the subspace A is not separating. The set 
7\ = {(xi,x 2 ) : (x 1 ,x 2 ) G S x , x 2 > 0} and T 2 = {(xi,-x 2 ) : (xi,x 2 ) G S x , x 2 > 
0} are two closed norming subsets for A. However, 7\ fl T 2 = {(xi, 0) : \xi\ = 1} 
is not a norming subset for A, so A doesn't have the Shilov boundary. Therefore 
we cannot omit the separation assumption in Theorem 13.11 

The following is a consequence of Corollary 12.61 and Theorem 13.11 

n 



Corollary 3.3. Let Y be a Banach space and let A be a nontrivial separating 
separable subspace ofC(K,Y) on a compact Hausdorff space K. Then the set 

{/ G A : / is a peak function at some t G K, f(t)/\\f\\ is a smooth point of By} 

is a dense Gs-subset of A. In particular, pA is a norming subset for A and 
dA = ~pA. 

Notice that if K is a compact metric space and Y is separable, then every 
subspace A of Cb(K, Y) is separable. Indeed, we can regard A as a subspace of 
C(K x By*) and K x By* is a compact metrizable space. 

From the proof of Theorem 13.11 we have the following proposition. 

Proposition 3.4. Given a Banach space Y , let A be a nontrivial subspace of 
Ct)(K, Y) on a Hausdorff space K . Suppose that the set of all strong peak functions 
in A is dense. Then pA is a norming subset for A and dA = pA. 

Assume that A is a subspace of C(K) on compact Hausdorff space K and for 
any two distinct points s,t in K, there is / G A such that f(s) ^ fit). Then 
the mapping x \— > 8 X from K into the weak-* compact subset Ba* is an injective 
homeomorphism and we shall identify K with its image in Ba* . 

Proposition 3.5. Suppose that A is a subspace of C(K) on a compact Hausdorff 
space K and that for two distinct points t,s G K , there is f G A such that 
f[t) ^ f(s). Then A is separable if and only if K is metrizable. 

Proof. Recall that if A is separable, then the weak-* compact set Ba* is metriz- 
able. Since K is embedded in Ba*, it is metrizable. For the converse, notice that 
if K is metrizable, the Stone- Weierstrass theorem shows that C{K) is separable, 
and so is its subspace A. □ 

4. Density of strong peak functions in A(B X ,Y). 

Let C be a closed convex and bounded set in a Banach space X. The set C is 
said to have the Radon-Nikodym property if for every probability space (fl, B, p) 
and every X- valued countably additive measure ronS such that r(A)/p(A) G C 
for every A G B with p(A) > 0, there is a Bochner measurable / : Q — > X such 
that 

T (A) = [ f(u)dfi(u), A e B. 

J A 

A Banach space X is said to have the Radon-Nikodym property if its unit 
ball Bx has the Radon-Nikodym property. For the basic properties and useful 
information on the Radon-Nikodym property, see [2l"l [27| [36]. 

Let D be a metric space. We say that a function if : D — > K strongly exposes 
D if there is x G D such that 



(p(x) = sup{ip(y) :yeD} 
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and whenever there is a sequence {x n } in D satisfying lim n (p(x n ) = <p(x), the 
sequence {x n } converges to x. 

The important Bourgain-Stegall's perturbed optimization theorem [46J says 
that if a closed bounded convex subset D of X has the Radon-Nikodym property 
and if (p : D — > E is a bounded above upper semi-continuous function, then the 
set 

{x* \ tp + x* strongly exposes D} 

is a dense G^-subset of X*. 

Let X and Y be complex Banach spaces. Notice that / G A(Bx, Y) is a strong 
peak function if and only if ||/(-)|| strongly exposes 

Definition 4.1. A function / G A(.Bx, Y) is said to attain its norm strongly on 
if there is a; € Sx such that whenever lim n ||/(x n )|| = ||/|| for a sequence 
{x n } in B x , it has a subsequence {x nk } converging to axo for some |a| = 1. 

Acosta, Alaminos, Garcia and Maestre [3] showed that if X has the Radon- 
Nikodym property, then for every / G A(Bx, Y), every natural number A" and 
every e > 0, there are x*, . . . , G X* and y G Y such that the A^-homogeneous 
polynomial Q on X, given by = x\(x) ■ ■ ■ x* N (x)y satisfies that \\Q\\ < e 

and f + Q attains its norm. For our application we prove the following stronger 
version. 

Theorem 4.2. Let X be a complex Banach space with the Radon-Nikodym prop- 
erty. Suppose that f G A(B X , Y), N > 1 and e > 0. Then there are x\, x\ G X* 
and |/o G Y such that the N -homogeneous polynomial Q on X , given by Q(x) = 
[x^x^^x^^yo, satisfies that \\Q\\ < e and f + Q strongly attains its norm. In 
particular, the set of all strongly norm-attaining functions is dense in A(Bx, Y). 

Proof. We may assume that 1^0. Fix / G A(Bx,Y) and define a function 
g : Bx — > C as the following: 

(4.1) 2(x)=max{||/(Aa;)||:AGC,|A|<l}. 

It is clearly bounded, because / is an element of A(B X , Y). 

For the proof of the upper semi-continuity of g, suppose that a sequence 
{x n }™ =1 in Bx converges to x. Then for each n, there is a complex number 
X n such that |A n | = 1 and g(x n ) = ||/(A„x n )||. For any convergent subsequence 
{X nk } of {A n } with the limit A, we get 

lim \\f(X nk x nk )\\ = \\f(Xx)\\<g(x). 

k—nx> 

Hence limsup n g(x n ) < g(x). This means that g is upper semi-continuous. 

By Bourgain-Stegall's perturbed optimization theorem, there is x* G X* such 
that ||x*|| < e and g + Rex* strongly exposes Bx at xq. 

We claim that Rex*(xo) ^ 0. Assume that Rex*(xo) = 0. Then g(xo) + 
Rex*(xo) = g(—xo) + Rex*(— xq). So xq = 0. Notice that for each x G Bx, 
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#(0) = 11/(0)11 — ll/( x )ll — 9( x ) by the maximum modulus theorem. Since 
g + Rex* strongly exposes B x at 0, 

g(0) = sup{g(x) + Rex*(x) : x G Bx} 
= sup{g(x) + |x*(x)| : x G B x }- 

Hence g(0) < g(x) < g(x) + |x*(x)| < g(0) for any x G Bx- This means that 
x* = and g is constant on Bx- This is a contradiction to that g strongly exposes 
B x at 0. Therefore Rex*(x ) ^ 0. 

Then ||x || = 1. Indeed, it is clear that x ^ 0, because x* ^ and g is 
nonnegative. If < ||x || < 1, then 

g( x o) + Rex*(x ) = sup{g(x) + Rex*(x) : a; G -Bx} 
= sup{g(x) + |x*(x)| : x G -Bx} 
shows that Rex*(xo) = \x*(xq)\ and 

g( Xo ) + \ X *( Xo )\ <g (^) + \ X *^)\=g(-^)+Rex*( ^ 



r^O I \ x 1 1 I \ x 1 1 11^0 || 

This is a contradiction to the fact that g + Rex* strongly exposes Bx at Xo- 

There is a A such that |A | = 1 and g(x ) = ||/(A Xo)||. Let x± = A x and 
choose x\ G X* with x\(x\) = 1 = ||x*||. Define h : ^ Y by 



/z(x) = /(x) + Aixt(x) 7V -V(x) 



u/(*i)ir 

where the complex number Ai is properly chosen so that 

\\\f( Xl )\\+\ lX *( Xl )\ = \\f( Xl )\\ + \ x *( Xl )\. 
It is clear that h G A(Bx, Y) and notice that we get for every x G Bx, 
(4.2) ||/i(x)|| < ||/(x)|| + |x*(x)| < g(x) + \x*(x)\ 

< sup{g(x) + \x*(x)\ : x G B x } 

= sup{g(x) + Rex*(x) : x G B x } = g(x ) + Rex*(x ). 
Hence \\h\\ = g(xo) + Rex*(xo) because Rex*(xo) = |x*(xo)| and 
\\h(xi)\\ = |||/(xi)|| + \iX*( Xl )\ = \\f( Xl )\\ + \x*( Xl )\ 
= g(x ) + \x*(x )\ = g(x ) + Rex*(x ). 

We shall show that h strongly attains its norm at x . Suppose that lim n || h(x n ) || - 
\\h\\ = g(xo) + Rex*(x ). Choose a sequence {a n } of complex numbers so that 
\a n \ = 1 and 

g(x n ) + |x*(x n )| = g(a n x n ) + Rex*(a n x„), Vn > 1. 
Then (14. 2 p shows that 

lim g(a n x n ) + Rex*(a n x n ) = g(xo) + Rex*(xo). 
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Since g + Rex* strongly exposes B x at x , {a n x n } converges to x . Hence there 
is a subsequence of {x n } which converges to axo for some \a\ = 1. This implies 
that h strongly attains its norm at Xq and ||/ — h\\ < e. The proof is done. □ 

Remark 4.3. In ( 14.11) g is continuous, because it is the supremum of a family of 
continuous functions, that is, it is lower semi-continuous. 

Theorem 4.4. Suppose that a complex Banach space X has the Radon-Nikodym 
property and Y is a nontrivial complex Banach space. Then the following hold: 

(i) The set of all strong peak functions in A(B X ,Y) is dense in A(B X ,Y). 
In particular, the set of all smooth points of Ba(b x ,y) ^ s dense in Sa(b x ,y) 
if the Banach space Y is smooth. 

(ii) pA(B x ) is a norming subset for A(B X ,Y), and dA(B x ,Y) = pA(B x ). 
In particular, extc{B x ) is a norming subset for A(B X , Y). 

Proof, (i) Suppose that / G A(B X ,Y) strongly attains its norm at x . We shall 
show that given e > there is g G A U (B X , Y) such that ||g|| < e and / + g is a 
strong peak function in A(B X , Y). 

Since / strongly attains its norm at Xq, there is a complex number a of modulus 
1 such that ||/(axo)|| = ||/||. Choose x* G S x * so that x*(xq) = 1 and take a 
peak function g G A u (3) such that g(a) = 1 and 1*7(7) | < 1 for any 7^0, where 
D is the closed unit disc in C. Define h : B x — > Y by 

(4-3) Hx) = f(x) + eg(x*(x)) f l aXo) 

ll/(azo)|| 

It is easy to see that h G A(B X ,Y) and ||/i(x)|| < ||/|| + e = ||/i(aa;o)|| for 
all x G B x . We claim that h is a strong peak function at axo. Suppose that 
lim n ||/i(x n )|| = \\h\\. For each n, we have 

\\h(x n )\\ < \\f(x n )\\ + e\g(x*(x n ))\ < ||/|| +6 = 

Hence lim n ||/(x„)|| = ||/|| and lim n \g(x*(x n ))\ = 1. Since g is a peak func- 
tion at a, {x*(x n )} converges to a. Now for any subsequence of {x„}, there 
is a further subsequence {yk} which converges to tjxq for some unit complex 
number r], because lim n ||/(x n ) || = ||/|| and / strongly attains its norm. Thus 
a = \im k x*(yk) = rj. This means that every subsequence of {x n } has a further 
subsequence converging to ai , so lim n x n = ax . Take g{x) = eg(x*(x)) • 
Then \\g\\ < e and / + g is a strong peak function. Hence we can conclude from 
Theorem 14.21 that the set of all strong peak functions in A(B X ,Y) is dense in 
A{Bxi Y). The rest of proof follows from Corollary 12.61 (ii). 

(ii) The proof follows from (i), Proposition 13.41 and the fact that every peak 
point for A(B X , Y) is a complex extreme point of B x (see [33]). □ 

Remark 4.5. Notice that for any natural number m the peak function g at a in 
L3|) can be chosen to be a polynomial (7(7) = (cry + l) m /2 m of degree m. In 
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particular, the function g(x) = e[ x ^ + ] m is a polynomial of degree m 

and of rank 1. 

Recall that a Banach space A is said to be locally uniformly convex if x G Sx 
and there is a sequence {x n } in B x satisfying lim n \\x n + x\\ = 2, then lim n \\x n — 
ar||=0. 

Let A be a complex Banach space. A point x G Sx is called a strong complex 
extreme point of Bx if for every e > 0, there exists 5 > such that 

sup ||x + e l6 y\\ >l + 5 

0<6K2vr 

for all \\y\\ > e. A complex Banach space X is said to be locally uniformly c- 
convex if every x G Sx is a strong complex extreme point of Bx- Notice that if a 
complex Banach space X is locally uniformly convex, then X is locally uniformly 
c-convex. For more details on the local uniform c-convexity, see (25J ED]- A 
complex Banach space X is uniformly c-convex if for each e > 0, 

Hx(t) = hrf < sup \\x + e ie y\\ — 1 : x G Sx, y G X, ||y|| > e f 

is strictly positive. It is easy to see that every uniformly c-convex Banach space 
is locally uniformly c-convex. 

Remark 4.6. Let A be a complex Banach space and let 

A WU (B X ) — {f G A U (B X ) '■ f is weakly uniformly continuous on B x } 
A w b(Bx) — {f G /U(£>x) : / is weakly continuous on Bx}- 

We shall denote by A w (Bx) one of A w b(Bx) and A wu (Bx)- The proof of Theo- 
rem !4.4l and Remark l4.5l show that the set of all strong peak functions for A w (Bx) 
is dense in A w (Bx) if A has the Radon-Nikodym property. 

It is a natural question that the set of all strong peak functions in either A(Bx) 
or A w (Bx) is dense, if A has the analytic Radon-Nikodym property. The answer 
is negative in A w (Bx) as observed in [30] • Recall that a complex Banach space A 
is said to have the analytic Radon-Nikodym property if for every bounded analytic 
function / from the open unit disc of C into A, it has the a.e. radial limits 

f(e ie ) = lim f(re ie ) a.e. 6. 

For more details on the analytic Radon-Nikodym property, see [TTj [30]. 

Notice that L\[0, 1] is uniformly c-convex and has the analytic Radon-Nikodym 
property (cf. [38J). Let A = Li[0, 1]. We shall show that A w (Bx) does not 
contain any strong peak function. Indeed, suppose that / G A w (Bx) is a strong 
peak function at x. For each n > 1, let 



tf» = {yeB*:|/(y)|>||/||-l/n}. 

16 



Then U n is a relative weak neighborhood of x for every n. Since Li[0, 1] has the 
Daugavet property, we can choose a sequence {x n } (see [U]) such that 



This is a contradiction to that / is a strong peak function at x. 

5. Density of norm- attaining elements in a subspace of C b (K, Y) 

Let X be a complex Banach space. An element x G Bx is said to be a strongly 
exposed point for Bx if there is a linear functional / G -Bx* such that f(x) = 1 
and whenever there is a sequence {x n } in £>x satisfying lim n Re/(x n ) = 1, we 
get lim n ||x n — x\\ — 0. A set {x a } of points on Sx is called uniformly strongly 
exposed (u.s.e.), if there are a function 5(e) with 5(e) > for every e > 0, and a 
set {/«} of elements of norm 1 in X* such that for every a, f a (x a ) = 1, and for 
any x, 



In this case we say that {f a } uniformly strongly exposes {x a }. Lindenstrauss 
JJTJ Proposition 1] showed that if Sx is the closed convex hull of a set of u.s.e. 
points, then X has property A, that is, for every Banach space Y, the set of 
norm-attaining elements is dense in L(X,Y), the Banach space of all bounded 
operators of X into Y. Modifying his argument and also applying strong peak 
points instead of u.s.e. points, we study the density of norm-attaining elements 
in a subspace of C b (K, Y). Notice that if Sx is the closed convex hull of a set E 
of u.s.e. points, then E is a norming set for L(X, Y). 

Theorem 5.1. Let (K, d) be a complete metric space, Y a Banach space and A a 
subspace of Cb(K,Y) . Assume that there exist a norming subset {x a } a C K for 
A and a family {(p a } a of functions in Cb(K) such that each <p a is a strong peak 
function at x a . Assume also that A contains <p%®y for each y G Y and n > 1. 
Then the set of norm-attaining elements of A is dense in A. 

Proof. We may assume that (p a (x a ) = 1 for each a. Let / G A with ||/|| = 1 and 
e with 0<e<l/3be given. We choose a monotonically decreasing sequence 
{e k } of positive numbers so that 



•En G U q 



•jC f) «3j I 1 



Vn > 1. 



\\x\\ < 1 and Re f a (x) > 1 — 5(e) imply ||x — x a \\ < e. 



oo 



oo 



1 



(5.1) 




k = 1,2,... 



We next 



choose inductively sequences {/fc}fc=i! { x ak}T=i satisfying 



(5.2) 
(5.3) 
(5.4) 
(5.5) 



V ? a fc ( :r )l > 1 — 1/fe implies d(x,x ak ) <l/k, 



h = f 

\\fk(x ak )\\>\\f k \\-el 

fk+l(x) = fk(x) + e k if ak (x) ■ fk(x ak ) 
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where ip aj is tpa] for some positive integer rij. Having chosen these sequences, we 
verify the following hold: 

fc-i 

(5.6) \\f j -fk\\<2j2e i , ||M|<4/3, j < k, k = 2, 3,... 

i=j 

(5.7) ||/fc+i||>IIMI+efc|IM|-24 k = 1,2,... 

(5.8) \\f k \\ > \\fjW > 1, j<fc, fc = 2,3,... 

(5.9) |^.(x a J| >l-l/j, j<fc, A; = 2,3, .... 
Assertion (15.61) is easy by using induction on k. By ( 15.3ft and (15.41) . 

> ||/*+i(^«*)ll = II J(l + efe^a fe (x Q J)|| 

= ||/*(Xa fc )ll(l + C*)>(IIM|-^)(l + C*) 

>\\fk\\+e k \\f k \\-2el 

so the relation ( 15.71) is proved. Therefore ( 15. 8p is an immediate consequence of 
( 15. 2j) and ( 15. 7(1 . For j < k, by the triangle inequality, ( 15.3(1 and ( 15.6(1 . we have 

H/i+iMH > ll/fc(x afc )H-|l/*-/i+ 1 || 



fc-1 

>||/ fc ||- e 2 fe -2^e,>||/ J+1 ||-26 J 2 . 



Hence by §5A§ and ([577(1 . 

e/I^WI • ll/ill + ll/ill > > -2e 2 

>ll/ J ll+^ll/ J ||-4e 2 , 

so that 

I^KJI >l-4e i > 1-1/j 
and this proves (15. 9p . Let / 6 A be the limit of {f k } in the norm topology. By 

d£H> and O, 11/ - /|| = lim n ||/ n - f x \\ < 2YZi e i < e holds - The relations 
(I5.5p and (15 .9p mean that the sequence {x ak } converges to a point x, say and by 
((STSJ), we have ||/|| = lim n ||/ n || = lim n ||/n(^a„)|| = 11/(5)11- Hence / attains its 
norm. This concludes the proof. □ 

Let A be the closed linear span of the constant 1 and X* as a subspace of 
Cb(Bx)- Notice that if X is locally uniformly convex, then every element of Sx 
is a strong peak point for A. Therefore, every element of Sx is a strong peak 
point for A(Bx, Y) for every complex Banach space Y, and pA(Bx) is a norming 
subset for A(Bx,Y). Indeed, if x G Sx, choose x* G Sx* so that x*(x) = 1. Set 
f(y) = X ^2 +l fo r V e Bx- Then / G A and f(x) = 1. If lim n |/(a? n )| = 1 for some 
sequence {x n } mB x , then lim n x*(x n ) = 1. Since \x*(x n )+x*(x)\ < \\x n + x\\ < 2 
for every n, \\x n + x\\ ^ 2 and || || — > as n — » oo. Similarly it is easy to 

see that every strongly exposed point for 5x is a strong peak point for A. 
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It was shown in [15] that if a Banach sequence space X is locally uniformly 
c-convex and order continuous, then the set of all strong peak points for A(B X ) 
is dense in Sx ■ Therefore, the set of all strong peak points for A(Bx, Y) is dense 
in Sx for every complex Banach space Y, and pA(Bx) is a norming subset for 
A(Bx,Y). For the definition of a Banach sequence space and order continuity, 
see [T5l [28l |4"2] . By the remarks above, we get the following. 

Corollary 5.2. Suppose that X and Y are complex Banach spaces and pA(Bx) 
is a norming subset for A(B X ,Y). Then the set of norm-attaining elements is 
dense in A(B X ,Y). In particular, if X is locally uniformly convex, or if it is a 
locally uniformly c-convex, order continuous Banach sequence space, then the set 
of norm- attaining elements is dense in A(B X ,Y). 

The complex Banach space Co renormed by Day's norm is locally uniformly 
convex [HI |20j, but it doesn't have the Radon-Nikodym property [23]. In ad- 
dition, it is a locally uniformly c-convex and order continuous Banach sequence 
space. 

Example 5.3. A function tp : R — > [0, oo] is said to be an Orlicz function if (p is 
even, convex continuous and vanishing only at zero. Let w = {w(n)} be a weight 
sequence ,that is, a non-increasing sequence of positive real numbers satisfying 
Y^=i w ( n ) = 00 • Given a sequence x, x* is the decreasing rearrangement of \x\. 

An Orlicz-Lorentz sequence space X VtW consists of all sequences x = {x(n)} 
such that for some A > 0, 

oo 

Qtp(Xx) = S ^^(p{\x*{n))w{n) < oo, 

n=l 

and equipped with the norm ||x|| = inf{A > : Q^x/X) < 1}, which is a Banach 
sequence space. We say an Orlicz function cp satisfies condition 62 (<p G 62) if 
there exist K > 0, uq > such that (p(uo) > and the inequality 

(p(2u) < Kip(u) 

holds for u G [0, u ]. 

If ip G 82, then is locally uniformly c-convex [15] and order continuous 
[28]. Notice that if <p(t) = \t\ p for p > 1 and w = 1, then A^,^ = i v . The 
characterization of the local uniform convexity of an Orlicz-Lorentz function space 
is given in [281 EH] and the characterization of the local uniform c-convexity of a 
complex function space is given in [40J. 

Extending the result of Lindenstrauss mentioned in the beginning of this sec- 
tion, Paya and Saleh [33] showed that if Bx is the closed absolutely convex hull of 
a set of u.s.e. points, then the set of norm-attaining elements is dense in L( n X), 
the Banach space of all bounded n-linear forms on X. We study a similar ques- 
tion for the space of polynomials from X into Y. In particular, if a set of u.s.e. 
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points on S x is a norming set for the Banach space P( n X, Y) of all bounded n- 
homogeneous polynomials from X into Y, then the set of norm-attaining elements 
is dense in P( n X,Y). 

Theorem 5.4. Let X and Y be Banach spaces and n G N. Suppose that a set 
E of u.s. e. points on Sx is a norming subset of P( n X,Y). Then the set of all 
norm- attaining elements is dense in P( n X,Y). Especially, if E is dense in Sx, 
then the set of norm- attaining elements is dense in P( n X,Y). 

Moreover, if the set of strongly exposed points of B x is dense in Sx, then the 
set of norm- attaining elements is dense in A(Bx,Y) for complex Banach spaces 
X and Y. 

Proof. Suppose that a set E of u.s.e. points on Sx is a norming subset of 
P( n X,Y). Let P e P( n X,Y), \\P\\ = 1, and < e < 1/3 be given. We first 
choose a monotonically decreasing sequence {e k } of positive numbers so that 

OO j X 

(5.10) 4^e,<e<-, 4 e t < e\, e k < — , k =1,2,.... 

i=l " i=fc+l 

Using induction, we next choose sequences {PfcjfcLi in P( 2 X, F), {a^}^ in E 
and {a;^}^]^ in S x * so that 

(5.11) Pi = P 

(5.12) ||-Pfc(zfc)|| > ||-Pfe|| ~4 and ||x fc || = 1, x* k (x k ) = 1, 
where {x^} uniformly strongly exposes {a^}, 

(5.13) P k+1 (x) = P k (x) + e k (x* k (x)) n P k (x k ). 
Having chosen these sequences, we see that the followings hold: 

4 fe_1 4 

(5.14) \\Pj-P k \\ < -J2e t , \\P k \\<-, 3<k 

i=j 

(5.15) ||P fc+1 || > \\Pk\\ + € k \\P k \\-el-el 

- p? 4- ?. ■ 

3 



4 ^ 

(5.16) ||P fc+1 || < \\P k \\ + e k \x* k (x l )\ n \\P k \\+el + 2-- ^ e,, fc + 1< Z. 



i=fe+l 
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The assertion (I5.14p can easily be proved by induction and (15.151) follows di- 
rectly from f)5.13p . To see (15.161) . for k + 1 < / we have 



Kfc+i|| < \\Pi\\ + H-Pfc+i — Pi 

4 
3 



1 l ~ l 

< ||P^)||+6f + - Zi 



i=k+l 



4 l ~ 1 

< iip fc (x,)ii+6 fc ^(x,)riip*ii+^+2.- ^ 



3 

i=k+l 



4 



< \\P k \\+e k \x* k (x l )\ n \\P k \\ + el + 2-- £ e 



=fe+i 



By ( 15.141) . the sequence {-Pfc} converges in the norm topology to Q G P( n X, Y) 
satisfying \\P — Q|| < e- 

By (15.151) and (15.161) we have, for every I > k + 1, 



£k\\P k \\-e 2 k -el<e k \xl(x l )\ n \\P k \\ + 2e 



and hence 1 — Ae k < \x* k (xi)\ n . 

Since A is uniformly strongly exposed, {x n } has norm convergent subsequence 
by Lemma 6 in pp. Let Xo be a limit of that subsequence. Then we have 
||Q(^o)|| = WQW- The rest of the proof follows from Corollary 15.21 because ev- 
ery strongly exposed point for Bx is a strong peak point for A(E>x)- □ 

Lindenstrauss [4"Tl Theorem 1] proved that the set of all bounded linear oper- 
ators of X into Y with norm-attaining second adjoint is dense in L(X, Y). In 
1996 Acosta j2] extended this result to bilinear forms, and in 2002 Aron, Garcia 
and Maestre [8] showed that this is also true for scalar-valued 2-homogeneous 
bounded polynomials. Recently, Acosta, Garcia and Maestre [I] extended it to 
n-linear mappings. 

We extend the result of [8] to the vector valued case by modifying their proof, 
which is originally based on that of Lindenstrauss. A bounded n-homogeneous 
polynomial P G P( n X, Y) has an extension P G P( n X**, Y**) to the bidual X** 
of X, which is called the Aron-Berner extension of P. In fact, P is defined in the 
following way. 

Let X\, ■ ■ ■ ,X n be an arbitrary collection of Banach spaces and let C( n (Xi x 
• ■ - xl„)) denote the space of bounded n-linear forms. Given Zi G X**, 1 < i < n, 
define z { from £( n (X! x • • • x X { x X?* x x • • ■ x X**)) to Cf-^Xi x • • ■ x X^ x 
X~ lX .~xX?))by 

z i(P) fall 5 %i—lj > ' " " j %n ) Tfali i %i— 1 j •> j %n )) ' 

where Tfai, • • • , Xj-i, •, #*+d • ■ ■ , a;**) is a linear functional on defined by • i-> 
T(xi, • • • , •, • • • , x**) and (z, x*) is the duality between X** and X*. 
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The map Z{ is a bounded operator with norm \\zi\\. Now, given T G C( n (Xi x 
• • • x X n )), define the extended n-linear form T G C( n (Xl* x • • • x X**)) by 

T(2i,---z n ) := zi o ■ ■ ■ o z n (T). 

For a vector-valued n-linear mapping L G £( n (Ai x • ■ ■ x X n ), y), define 

i(xr , • • ■ , <w) = r^r, • ■ • , <*), 

where x** G X** , 1 < i < n and i/* G T. Then L G £( n (X** x • ■ -xX**) 7 Y**) has 
the same norm as L. Let S G C s ( n X, Y) be the symmetric n-linear mapping corre- 
sponding to P, then S can be extended to an n-linear mapping S G C( n X** , F**) 
as described above. Then the restriction 

P{z) = S(z,...,z) 

is called the Aron-Berner extension of P. Given z G X** and w e F', we have 

P{z){w) = wo~P(z). 

Actually this equality is often used as definition of the vector-valued Aron- 
Berner extension based upon the scalar-valued Aron-Berner extension. Davie 
and Gamelin [TTl Theorem 8] proved that ||P|| = ||P||. It is also worth to remark 
that S is not symmetric in general. 

Theorem 5.5. Let X and Y be Banach spaces. The subset of P( 2 X, Y) each 
of whose elements has the norm- attaining Aron-Berner extension is dense in 
P( 2 X,Y). 

Proof. Let P G V( 2 X,Y), \\P\\ = 1, and let S be the symmetric bilinear map- 
ping corresponding to P. Let e with 0<e<l/4be given. We first choose a 
monotonically decreasing sequence {e^} of positive numbers which satisfies the 
following conditions: 

oo j oo i 

(5.17) 8^e 4 <e<-, 8 ^ e* < e\ and e k < — , k — 1,2, 

i=l i=k+l 

Using induction, we next choose sequences {P/J^ in P( 2 X,Y), {x^}^ in Sx 
and {fk}Z=i i n $y* so that 

(5.18) Pi = P, ||P|| = 1 

(5.19) fk(P k (x k )) = \\PkM\\ > \\P k \\ - e 2 

(5.20) Ph+i(x) = Pfc(x) + e k {f k {S k {x k , x))) 2 P k {x k ), 
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where each S k is the symmetric bilinear mapping corresponding to Pj.. Having 
chosen these sequences, we see that the following hold: 

(5.21) ||p._p fe ||< 4 ^ J2e h ||A||<|, 3<k 

(5.22) \\P k+1 \\ > \\P k \\ + e k \\P k \\ 3 - Ae 2 k 

(5.23) \\P j+ i(x k )\\ > \\P j+ x\\-2^, j<k 

(5.24) |/i(£,-(*i,a*))| 2 > \\Pjf-^ j<k 

By (15.211) and the polarization formula [23], the sequences {Pk} and {S k } 
converge in the norm topology to Q and T, say, respectively. Clearly T is the 
symmetric bilinear mapping corresponding to Q, and \\P — Q\\ < e. 

Let 7] > be given. Then there exists jo £ N such that 

WQ-PjW < \\T-SjW < V for all j > jo, 

hence \\Pj\\ > \\Q\\ — r\ for all j > j . 
By 

11^-^11 > \fj(T(xj,x k )) - fjiSjixj^k))] 
and (15.241) . we have 

\f j {T{x j ,x k ))\ > IfjiSjfa^k))] ~ \\T-SjW 

> \J\\Pj\\ 2 -tej-V 

> ^\\Q\\ - v y - Qe 3 - v 

for all k > j > jo- Let z G X** is a weak-* limit point of the sequence {x^}- 
Then for all j > jo 

\\T(x v z)\\ > y/dlQW-ny-Gej-ri. 
Hence \\T(z, z)\\ > \\Q\\ — 2r]. Since r] > is arbitrary, we have 

IIQWH = \\T(z,z)\\>\\Q\\ = \\Q\\. 

□ 

We finally investigate a version of Theorem 2 in jH] relating with the complex 
convexity. Recall that a complex Banach space X is said to be strictly c-convex 
if S x = extc(Bx)- 

Theorem 5.6. Let X be a Banach space with property A. Then 

(1) If X is isomorphic to a strictly c-convex space, then E>x is the closed 
convex hull of its complex extreme points. 

(2) // X is isomorphic to a locally uniformly c-convex space, then B>x is the 
closed convex hull of its strong complex extreme points. 
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Proof. We prove only (2). We shall use the fact ((22J, [25]) that x G Sx is a strong 
complex extreme point of Bx if and only if for each e > 0, there is 5 > such 
that 

dO 

yex,\\y\\ >ej> > 1 + 5. 



inf 



2tt 



\x + e ie yf 



2vr 



For the proof of (1), use the fact ([221 ES]) that x G Sx is a complex extreme 
point of Bx if and only if for any nonzero y G X, J Q 27r ||x + e 4£, ?/|| 2 ^ > 1. 

Let C be the closed convex hull of the strong complex extreme points of Bx- 
Suppose that C ^ B X - Then there are / G X* with ||/|| = 1 and 5, < 5 < 1 



be a locally uniformly c-convex 



such that \f(x)\ < 1 — 5 for x G C. Let || 
norm on X, which is equivalent to the given norm || • ||, such that || |x|| | 
x G X. Let Y be the space X © 2 C with the norm ||(x, c)|| = (|||x||| 2 
Then K is locally uniformly c-convex. Otherwise, there exist (x, c) 



< 
+ 

G 5 



\x\\ for 

-I2U/2 



e > and a sequence {(x n , c n )} such that for every n > 1, ||(x„, c n )|| > e and 



lim 



2tt 



fx, c) + e* 9 (x n ,c 



o 



Since the norm is plurisubharmonic, 

<-2tt 



|x||| 2 + |c| 2 < 



do 

2^ 



(W 



(x,c) + e ze (x n} c n )\\ 2 — 



o 



2tt 



bC 6 tjC T) III 

i mil 2?r 



2vr 

2tt 



o 



dO 
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So 



lim 



2jt 



I «6» 1 1 1 2 ^ 

iC 6 T) III — 

i mil 2n 



\x 



and 



lim 

n— >oo 



277 



2^ 



Since both (X, 
lim \ c r , 



||) and C are locally uniformly c-convex, we get lim n 
0, which is a contradiction to inf n || (x n , c n ) || > e. 
Let V be the operator from X into K defined by Vx = (x,Mf(x)), where 
M > 2/5. Then V is an isomorphism (into) and the same is true for every 
operator sufficiently close to V. We have 

N2U/2 



WW > M, 



for x G C. 



J1/x|| < (1 + (M 

It follows that operators sufficiently close to V cannot attain their norm at a 
point belonging to C. To conclude its proof we have only to show that if T is an 
isomorphism (into) which attains its norm at a point x and if the range of T is 
locally uniformly c-convex, then x is a strong complex extreme point of Bx- 

We may assume that \\Tx\\ = \\T\\ = 1. If x is not a strong complex extreme 
point, then there are e > and a sequence {y n } C X such that \\y n \\ > e for 
every n and 

dO 



lim 



2- 



|x + e w y r , 
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2tt ' 



Then 

i < r + eieT vn\\ 2 ? < r + ei vir f 

Jo 2lT Jo 271 

shows that {Ty n } converges to 0, because the range of T is locally uniformly 
c-convex. Therefore, {y n } converges to 0, which is a contradiction. □ 

6. Applications to a numerical boundary 

Let U x = {(x, x*) : ||x|| = ||x*|| = 1 = x*(x)} cS^x S x *. We denote by r 
the product topology of the space B x x B x *, where the topologies on B x and 
B x * are the norm topology of X and the weak-* topology of X*, respectively. It 
is easy to see that H x is a T-closed subset of B x x B x *. Let n 1 be the projection 
from U x onto S x defined by iri(x,x*) = x for every (x,x*) G Ii x . It is not 
difficult to see that 7i"i is a closed map. 

The spatial numerical range of / G Cf,(B x , X) is defined by 

W / (/) = {x7(x):(x*,x)Gn x }, 

and the numerical radius of / G Cj,(B x ,X) is defined by t>(/) = sup{|A| : A G 
For a subspace A C Cb(B x ,X) we say that C LTx is a numerical 
boundary for A if 

v{f)= sup V/eA, 

(x,x*)GS 

and that A has the numerical Shilov boundary if there is a smallest closed nu- 
merical boundary for A. The numerical boundary was introduced and studied 
in [5] for various Banach spaces, and it was observed that the numerical Shilov 
boundary doesn't exist for some Banach spaces. We first show that there exist 
the numerical Shilov boundaries for most subspaces of Ct>(B x , X) if X is finite 
dimensional. Notice that as a topological subspace of B x x B x * , U x is a compact 
metrizable space if X is finite dimensional. 

Theorem 6.1. Let X be a finite dimensional Banach space. Suppose that a 
subspace H of Cb{B x , X) contains the functions of the form 

(6.1) y*®z, VxGX, V26X, Vy*eX*. 

Then H has the numerical Shilov boundary. 

Proof. Consider the linear map / 1— > f from H into C(U X ) defined by 

f(x,x*) = x*f(x). 

Notice that v(f) = \\f\\ for every / G H. Let H be the closure of the image H in 
C(IIx)- Then if is a separable subspace of C(IIx)- 

We claim that H is separating. Let (s, s*) 7^ (t, t*) G Tl x and let a, f3 G Sc- If 
at* 7^ (3s* , then choose x G S x such that at*(x) 7^ (3s* {x). Set f — 1® x & H. 
Then 

a<y (t ,f)(/) = = ^ /3s*(x) = /3/( S;S *) = (35 M (f). 
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If at* = j3s*, then t ^ s, and choose z* G S x * such that z*(t) ^ z*{s). Set 
f = z* ®teH. Then /3s*(t) = a ^ and 

af(t,t*) = az*{t)t*{t) = pz*{t)s*{t) (3z*{s)s*{t) = (3f{s, s*), 

hence ct&(t,t*){f) 7^ (35( s ,s*)(f)- Therefore if is a separating separable subspace of 
C(rix)- By Theorem 13. 1[ there is the Shilov boundary dH C Tlx for if. It is 
clear that for every / G if, 

«(/) = ||/||= max_|f7(t)|. 
(t,t*)edH 

We shall show that if T C ITx is a closed numerical boundary for if, then 
T is a closed boundary for H. Fix g G H and choose a sequence {/ n }^i in 
if such that lim n ||g — f n \\ = 0. For each n, there exists {t n) t* n ) G T such that 
!*»/»(*») I = = II /nil- So ||#|| = lim n ||/ n || = lim n \t*J n {t n )\ and 

|/n(tn,0-^(tn,t;)| < ||/« ~ <?|H 0. 

This shows that ||g|| = lim n \g(t n ,t^)\ and 

\\g\\ = SU P l#(*,**)l = max \g(t,t*)\. 

(t,f)6T (M*)6T 

Therefore, T is a closed boundary for if and so <9ff is contained in T, which 
means that dH is the smallest closed subset satisfying 

v{f)= max \t*f(t)\, V/Gff. 
(t,t*)edH 

The proof is done. □ 

Example 6.2. Let X = £^ be the 2-dimensional space C 2 with the sup norm. 
Let if be the subspace of Cb(B x , X) spanned by all f<S> x, f G X* and x G X. In 
fact, if is isometrically isomorphic to the Banach space L(X) of bounded linear 
operators from X into X. It is easy to see that v(T) = \\T\\ for T G if = f (X). 
Take 

51 = {(x, x*) : x = (xi, 1) G 5x, |xi| = 1, x* = (0, 1) or (xi, 0)]}, 

5 2 = {(x, x*) : x = (xi, -1) G S x , \xi\ = 1, x* = (0, -1) or (x lt 0)]}. 
It is easy to see that for each T G if, 

v(T) = ||T|| = sup |x*Tx| = sup |x*Tx|. 

However, Si and S 2 are disjoint closed subsets of Tlx, so if doesn't have the 
numerical Shilov boundary. In particular, we cannot weaken the assumption of 
Theorem 16.11 

Applying the Mazur theorem, we next prove the existence of the numerical 
Shilov boundary for some subspaces of Cb(B x ,X), when X is separable. 
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Theorem 6.3. Let X be a separable Banach space. Suppose that A is a subspace 
of Cb(B x ) such that every element in A is uniformly continuous on Sx and the 
set of all strong peak points for A is dense in Sx- If a subspace H of Cb{Bx, X) 
contains the functions of the form: 

(6.2) f®y, V/ei, WyeX, 

then H has the numerical Shilov boundary. In particular, it is the set 

T 

{(x, x*) : x is a smooth point of Bx} ■ 

Proof. Let r = {(x, x*) : x is a smooth point of Bx}- We shall show that T r is 
the numerical Shilov boundary for H . Notice that by Mazur's theorem, the set 
of smooth points of B x is dense in Sx- Therefore, 71"! (T) is dense in Sx- By [13J 
Theorem 2.5], V is a closed numerical boundary for H, that is, 

v(f)= max WfeH. 
(*,**) er 

Suppose that C is a closed numerical boundary for H. Then it is easy to see 
that 7Ti(C) is a closed subset of S x , and 7i"i(C) contains all strong peak points 
for A. Since the set of all strong peak point for A is dense in S x , 7Ti(C) = Sx- 
Therefore r C C, and hence T C C. This completes the proof. □ 

If X is a smooth Banach space in Theorem 16.31 then it is easily seen that the 
numerical Shilov boundary for H is Ux, which is proved in [5]. 

Corollary 6.4. Let a separable Banach space X be locally uniformly convex and 
A be a closed linear span of the constant 1 and X* as a subspace of Cb(B x )- 
Suppose that H is a Banach space of uniformly continuous functions from Bx 
into X , which contains the functions of the form (16.21) . Then the numerical Shilov 
boundary for H exists. 

Corollary 6.5. Suppose that a Banach sequence space X is locally uniformly c- 
convex and also order continuous. If H is a Banach space of uniformly continuous 
functions from Bx into X which contains the functions of the form: 

f®y, VfeA u (B x ), WyeX, 

then H has the numerical Shilov boundary. 
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